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Groups of Transformations of Sylotv Subgroups. 

By G. A. Miller. 



§ 1. Introduction. 

The first part of the present paper is devoted to a study of some of the 
properties of a transitive substitution group which is a group of transformations 
of Sylow subgroups. In particular, we shall prove the following theorem : 
If the Sylow subgroups of order p m in any group ( G) are transformed according 
to an imprimitive substitution group, the number of these subgroups must be of the 
form (1 + kip a ) (1 + kzP a ), where each of the two numbers k 1} k% exceeds zero 
and a is determined by the fact that the largest number of common operators in any 
two such Sylow subgroups of G is p m ~ a . It is evident that a can not be less 
than unity nor greater than m. 

In the second part of the paper we determine some properties of the groups 
which involve certain given numbers of Sylow subgroups. In particular, we 
prove that if a group G contains exactly three Sylow subgroups, these subgroups 
must generate a group of order 3 . 2™, and this group is a characteristic sub- 
group of G if it does not coincide with G; if G contains exactly four Sylow 
subgroups, these subgroups generate a group whose order is either 12. 3™"" 1 or 
24 . 3 m_1 , and this group is again either G itself or a characteristic subgroup of G. 
A somewhat similar theorem is proved as regards groups containing exactly six 
Sylow subgroups. 

The 1 + kp Sylow subgroups of order p m in G are transformed according 
to a transitive substitution group (K) of degree 1 + Tcp which has an (1, a)- 
isomorphism with G. The invariant subgroup (H) of G which corresponds to 
the identity in K involves only one Sylow subgroup of order p a i, since the 
operators of H whose orders are powers of p must be contained in every Sylow 
subgroup of G. To every Sylow subgroup of G there corresponds one and only 
one Sylow subgroup of K, and hence G transforms its 1 + Jcp Sylow subgroups 
of order p m in exactly the same manner as K transforms its 1 + hp Sylow sub- 
groups of order pP, /3 < m. That is, the letters of the substitutions of K may 
stand for the various Sylow subgroups of order p? in K. 
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The subgroup (K x ) of K which is composed of all its substitutions omitting 
one letter involves one and only one Sylow subgroup of order pP and of degree 
hp. Moreover, if any transitive group has the property that its subgroup com- 
posed of all the substitutions which omit a given letter involves one and only one 
Sylow subgroup of degree one less than the degree of the group, it evidently 
permutes these Sylow subgroups in the same manner as it permutes its own 
letters.* Hence the theorem : The necessary and sufficient condition that a transi- 
tive group of degree n is a group of transformations of Sylow subgroups is that its 
subgroup composed of all its substitutions which omit a given letter involves one and 
only one Sylow subgroup of degree n — -1. 

From this theorem it follows directly that the only symmetric groups which 
are groups of transformations of Sylow subgroups are those of degrees 3 and 4, 
and the only alternating groups having this property are those of degrees 4 and 5. 
The symmetric group of degree 3 is clearly the only group of this degree which 
can be a group of transformations of Sylow subgroups, while the alternating and 
the symmetric group of degree 4 are the only two groups of degree 4 which 
have this property. There are three groups of degree 5 which are groups of 
transformations of Sylow subgroups; viz., one of each of the orders 10, 20, 60. 
Only two of the sixteen transitive groups of degree 6 are groups of trans- 
formations of Sylow subgroups; viz., the two groups of orders 60 and 120 
respectively. 

Since K x is of degree hp, it follows directly that a group of transformations 
of Sylow subgroups can not involve any invariant operator besides the identity. f 
From this fact and the elementary observations of the preceding paragraph it 
results that a large number of transitive substitution groups can not be groups 
of transformations of Sylow subgroups. In particular, it has been seen that no 
imprimitive group whose degree is less than eight can be such a group of trans- 
formations. We proceed to consider some of the properties of imprimitive groups 
which are also groups of transformations of Sylow subgroups. 

§ 2. Imprimitive Groups of Transformations of Sylow Subgroups. 

Suppose that K is imprimitive. All the substitutions of K x must transform 
at least one system of imprimitivity of K into itself. The number of letters in 
this system must be one more than the letters in one or more of the transitive 
constituents of K x . Since each of these transitive constituents involves an 

* Bulletin of the American Mathematical Society, Vol. II (1896), p. 115. 
t Kuhn, American Journal, of Mathematics, Vol. XXVI (1904), p. 67. 
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invariant subgroup of order p x , X,>0, it results that the degree of each of these 
constituents is divisible by p. In fact, if no two of the 1 -f kp Sylow subgroups 
of G have more than p m ~ a common operators, each of these transitive constituents 
is divisible byjp", and hence the number of letters in a system of imprimitivity 
of G is of the form 1 + k x p a . 

Since the degree of K is divisible by 1 + kyP", it is necessary that the total 
number of letters in K is of the form 1 + k x p a + k p a , where k is divisible by 
1 + h-ip*, and hence the degree of K is (1 + \p°) (1 + hp*), where each of the 
numbers k lf k % exceeds 0. As K is any group of transformations of Sylow sub- 
groups, we have proved the following theorem: If the Sylow subgroups of 'order p m 
in a group are transformed under this group according to an imprimitive substitution 
group, the number of these Sylow subgroups is of the form (1 + k^p*)^ + k 2 p a ), 
where none of the integers k lf k 2f a is zero. The value of a may be determined by 
the fact that two of these Sylow subgroups have at most^> m_a operators in common. 

When p — 2, the theorem of the preceding paragraph does not yield any 
information, since every odd composite number can be represented in the form 
(1 + 2kj) (1 + 2& 3 ), where each of the numbers k u k 2 exceeds 0. Moreover, 
the dihedral group of order 2 (1 + 2^) (1 + 2k z ) transforms its Sylow subgroups 
of order 2 according to an imprimitive group, k\ and k^ being any integers ex- 
ceeding zero. It follows directly from the preceding theorem that 9 is the 
lowest degree for which imprimitive groups of transformations of Sylow sub- 
groups exist, and it is not difficult to verify that there are exactly five groups of 
this degree which are imprimitive groups of transformations of Sylow subgroups; 
viz., two of order 18, one of order 36 and two of order 54. 

Since the Sylow subgroups of order p? in K generate a transitive group, 
it results that the operators in E 1 whose orders are powers of p must permute 
a multiple of p systems of imprimitivity of K. That is, the transitive group of 
degree 1 + k z p a according to which the systems of imprimitivity of K are trans- 
formed is non-regular and involves substitutions of degree lp. In particular, 
not only must the Sylow subgroups always be transformed according to a non- 
regular group, but when these subgroups are transformed according to an 
imprimitive group these systems of imprimitivity must also be transformed 
according to a non-regular transitive group. 

§ 3. Groups Involving a Small Number of Sylow Subgroups of the Same Order. 

The smallest number of non-invariant Sylow subgroups of the same order 
in any group is evidently three, and if a group G contains exactly three Sylow 
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subgroups of the same order this order is 2 m , and the operators of G transform 
these subgroups according to the symmetric group of order 6. To the identity 
of this symmetric group there corresponds a subgroup H of G which involves 
a characteristic subgroup of order 2 m ~ 1 . The subgroup of G which is generated 
by the three Sylow subgroups of order 2 m contains this characteristic subgroup, 
and the corresponding quotient group is generated by two operators of order 2. 
Hence this quotient group is dihedral and, as it involves only three operators 
of order 2, it must be the symmetric group of order 6. This proves the theorem : 
If a group G involves exactly three Sylow subgroups of order 2 m , these subgroups 
generate a group of order 3 . 2 m . This group is evidently a characteristic sub- 
group of G if it does not coincide with G. 

Suppose that G involves four Sylow subgroups of order 3 m and is generated 
by them. These four subgroups are transformed under G according to the 
alternating group of degree 4, since a group which contains a subgroup of half 
its order can not be generated by operators of odd order. The invariant sub- 
group H of G which corresponds to the identity in this alternating group 
involves a characteristic subgroup of order 3 m-1 , and the corresponding quotient 
group (G 1 ) is generated by two operators (s 1} s 2 ) of order 3, and we may suppose 
that these operators correspond to the cycles abc, abd in the given alternating 
group. 

Since (s 1 s 2 ) z is invariant under G', it results that s^, s 2 s 1 are two operators 
which have a common square, and hence the product of one of these operators 
into the inverse of the other is transformed into its inverse by each of them. 
By means of this property it is easy to find an upper limit for the order of this 
product as follows : 

(a 1 « 8 «r 1 *ir 1 ) 8 = s i s z44h^44 = (s^ys^^is^si = (s^y. 

Since (s 1 s 2 ) e is both invariant under K and also transformed into its inverse by s x s 2 , 
it results that its order is a divisor of 1 2. This order can however not be divisible 
by 3, and hence it must divide 4. If s x s 2 is of order 2, it is clear that K is the 
tetrahedral group, as it is generated by two operators of order 3 whose product 
is of order 2. On the other hand, if s 1 s 2 is of order 4, the two operators sjSg, s 2 s 
must generate the quaternion group, since they have a common square and 

(S 1 S 3 ) - 1 S 2 Sj . Si S 2 = 4 4 S 2 Sl S 2 = (S 2 S t y S\ Sj . S% S\ S\ S 2 = (S 2 Sj) 3 , 

since s 1 s 2 = s|sf(s 3 s 1 ) 2 , and (s^) 2 is invariant under G'. This quaternion group 
is invariant under G', since sfs 2 sl = (s 2 s i ys 1 sls 1 = (s^^s^ 2 .s 1 s 2 . s 2 s 1 . Hence 
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[s 1} s 2 \ is the group of order 24 which does not involve a subgroup of order 12 
whenever s 1 s 2 is of order 4. 

These results establish the theorem : If a group contains exactly four Sylow 
subgroups of the same order, they generate a group whose order is either 4 . 3 m or 
8 . 3 m , and the quotient group with respect to the 3™ _1 common operators is either the 
tetrahedral group or the non-twelve group of order 24. If the order of the entire 
group exceeds the order of the group generated by these Sylow subgroups, the 
latter group is clearly a characteristic subgroup of the former. 

If G contains exactly six Sylow subgroups of order 5 m and is generated by 
these subgroups, it must transform them according to the primitive group of 
degree 6 and order 60. Hence G is isomorphic with the alternating group of 
degree 5. We shall first assume that m = l and that O is generated by the two 
operators s 1} s 2 which correspond to abcde and aebcd respectively of the iso- 
morphic alternating group. Hence s^ corresponds to the substitution of order 2, 
ac . bd. We shall prove that the order of s 1 s 2 is either 2 or 4. It is clear that 
the operators of G which correspond to the identity in the alternating group of 
order 60 constitute the central of G; and we shall prove that the order of this 
central is either 1 or 2, and hence the order of G is either 60 or 120. 

Since s 1 s 2 , SgSj have their squares in the central of G and are conjugate 
under G, they must have a common square, and hence the product of one of 
these operators into the square of the other is transformed into its inverse by 
each of them. By means of this property we obtain an upper limit for the order 
of one of the invariant operators of G as follows : 

\ S 1 S 2 S l S Z) = s l S 2 S l s 2 S l S 2 S l S 2 S l S 2 s l S 2 == ( S l S 2j s l S 2 S l S 2 S l S 2 = ( S l S 2J ( s l S 2J • 

As sfsj corresponds to abd, and hence (sfsfj 3 is in the central of G, it results 
that («iS 2 ) 6 (sfs|) 3 is invariant under G. It is also transformed into its inverse 
by Sjs 3 , and hence its order is 1 or 2. That is, (sjs a ) 12 = (sfsj) 6 . 

On the other hand, s\s\ corresponds to ae.bc, and hence (sfs|) 2 = (s|sf) 2 _ 
Proceeding as above we obtain 

\s 1 s % s 1 s 2 ) = s 1 s 2 s 1 s 2 s 1 s 2 s 1 s 2 s 1 s z s 1 s 2 = (sfs 2 ) s 1 s 2 s 1 s 2 s 1 s 2 s 1 s 2 s 1 s 2 s 1 s 2 

= (4slf^2f(4sifs 1 s 2 = (st4)^( Sl s 2 y. 

From these equations it results that (s 1 s 2 ) lz = (s\sf)~ u . Combining this with the 
earlier result, it follows that (sisf) 30 = 1- As the order of s\ s| can not be divisible 
by 5, it results that (sjs|) 6 = 1 and hence (sjSg) 13 = 1. 
It is evident that (s^) 3 = (s\s 2 sf) z and hence 
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& 1 6 2 6 1 & 2 S 1J — s l 6 2 6 l 6 2 6 l 6 2 6 l*2 6 l 6 2 6 l 6 2 6 l 6 2 6 l 6 2 6 l*2 6 l*2 6 l 

— " ( S l S 2/ S l S 2 S l S 2 S l S 2 S l S 2 S l S 2 S l S 2 s l S 2 S l S Z S l S 2 S l 

- ( S 1 S 2J \ S 1 S 2) S l S 2 S l S 2 S l S 2 S l S 2 S l S 2 S l S 2 S l S 2 S l S 2 S l S 2 S l 

f« 3 9 3 W<! V 7 Q 3 <f 3 <? 3 <J <? /V<! 3 W<? q V 9 <J 3 « 3 <? 2 "J 4 

\ b l b 2l \°l b Z) *1 6 2*1 & 2 6 1 — \ b \ b 2) \ b l b 2) 6 1*2*1*2 

From these equations it results that (siS 2 ) 40 = (s^Sj) 20 , or (s 1 s z ) i = (slsl) 20 , since 

(*i* a ) 12 =l. " 

As (s 1 s z y = (4 s i s I) 3 > we obtain in a similar manner the following equations : 

/ „ „3 „4 „2\5 3 „4 „2 „ ,3 ,4 „2 „ ,.3 4 „2 „ ,.3 „4 „2 „ „3 „4 „2 

\ b l b 2 b l b 2J 6 l 6 2 6 l*2 6 l s 2*l 6 3' !> l i 2*l 6 2*l 6 2*l 6 2*l*2 6 l 6 2 

— \ b l b 2) & 2 6 1 6 2 6 1 6 2 6 1 6 2 6 1 6 2*1 6 2*1 6 2*1*2 6 1*2 6 1 A 2 

== ( S 2 S l) ( S 1 S 2/ S 2 S l S 2 S l S 2 S l S 2 S l S 2 s l S 2 S l S 2 ,S 1 S 2 8 1 s 2 S l S 2 

= (sisiy M^sistsis^i = (44n'i*»r- 

From these equations it follows directly that (siS 2 ) 40 = (sl s i)~ 20 > an( ^ if we combine 
this with the result of the preceding paragraph, we have that (s|sf) 40 = 1. Since 
the order of s| s ! is n °t divisible by 5, it results that (s|s 3 ) 8 = 1, and hence 
Cs 1 s 3 ) 80 = l. If the last equation be combined with (s 1 s 2 ) 13 =l, it results that 

( SlS ,y = i = ( s fsif = (4s 3 1 )\ 

Since 

(q2 o3\2 — — n2 c 3 2 o3 — q2 Q 2 Q q o o e 3 ~~ e 3 o 3 o* o 3 o* o 3 
6 2 6 U — 6 2 6 1*2 6 1 6 2*1 • 6 1*2 • 6 2 6 1 • *1 — *2 6 1 6 2 6 1*2 6 1 

c 2 „2 „2 „2 „3 „4 „2 — „2 „2 „2 ,..2 „2 Q 2 /„2 3\2 

6 2 6 1 6 2 • 6 2 6 1 • 6 2 6 1 6 2 6 l 6 2 6 l 6 3 6 lV*2 6 i; > 

it results that (sf s|) 3 = 1. That is, s|sf, sfs^ are two operators of. orders 4, 3 or 
2, 3 respectively, whose product is of order 5, and the square of the former 
is invariant under both of these operators. Hence they must generate either 
the icosahedral group or the non-sixty group of order 120 which is isomorphic 
with this group. It is moreover clear that each of these two groups can be 
generated by two of its operators of order 5. 

When in > 1, the six Sylow subgroups of order 5 m in G have 5™ -1 common 
operators, and the corresponding quotient group has six Sylow subgroups of 
order 5 and is generated by them. In fact, if a group has exactly p + 1 Sylow 
subgroups of order p m and is generated by them, these subgroups have p" 1 * 1 
common operators which form an invariant subgroup, and the corresponding 
quotient group involves exactly p + 1 Sylow subgroups of order <p and is 
generated by them. The preceding results clearly establish the theorem : 
If a group involves exactly six Sylow subgroups of order 5™, these subgroups 
generate a group whose order is either 1 2 . 5 m or 24 . 5 TO . 

University op Illinois. 



